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In this paper, we attempt to prove that the symmetric pairs
(Sp4n(F ),Sp2n(E)) and (GSp4n(F ),GSp2n(E)
◦) are Gelfand pairs
where E is a commutative semi-simple algebra over F of dimen-
sion 2 and F is a non-archimedean ﬁeld of characteristic 0. Using
Aizenbud and Gourevitch’s generalized Harish-Chandra method
and traditional methods, i.e. the Gelfand–Kahzdan theorem, we
can prove that these symmetric pairs are Gelfand pairs when E
is a quadratic extension ﬁeld over F for any n, or E is isomorphic
to F × F for n 2. Since (U ( J2n, F (√τ )),Sp2n(F )) is a descendant
of (Sp4n(F ),Sp2n(F ) × Sp2n(F )), we prove that it is a Gelfand pair
for both archimedean and non-archimedean ﬁelds.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let F be a local ﬁeld of characteristic 0, G be a reductive group, deﬁned over F and H be an
F -closed subgroup of G. Denote by G = G(F ) and H = H(F ) the F -rational points. This pair (G, H)
with a character χ of H is called a Gelfand pair if the dimension of HomH (π,χ) is at most one for
any irreducible admissible representation π of G . The theory of Gelfand pairs has a wide range of
applications in harmonic analysis on symmetric spaces, automorphic forms and L-functions. For in-
stance, the uniqueness of Whittaker models for quasi-split reductive groups over local ﬁelds plays an
important role in the Langlands–Shahidi method and the Rankin–Selberg method to study automor-
phic L-functions.
The main tool to verify whether a pair (G, H) is a Gelfand pair is the Gelfand–Kazhdan criterion
for groups deﬁned over complex, real, and p-adic ﬁelds. Bernstein and Zelevinsky in [BZ] give a lo-
calization principle for p-adic ﬁelds to verify the assumption in the Gelfand–Kazhdan criterion. Some
E-mail address: zhang423@math.umn.edu.0022-314X/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2010.03.013
L. Zhang / Journal of Number Theory 130 (2010) 2428–2441 2429important Gelfand pairs are found based on the Bernstein–Zelevinsky localization principle, such as
(GL2n(F ),Sp2n(F )) in [HR], and Shalika model in [N], to mention a few.
Following Bernstein’s ideas, Aizenbud and Gourevitch applied the Luna Slice Theorem to generalize
the descent technique due to Harish-Chandra to the case of a reductive group acting on a smooth
aﬃne variety. By applying this new method which works for arbitrary local ﬁeld F of characteristic 0,
they formulated an approach to prove that certain symmetric pairs were Gelfand pairs in [AG1]. This
idea was also used by Jacquet and Rallis to prove the uniqueness of linear periods in [JR].
Following their theorem in [AG1], if a symmetric pair is both a good pair and all descendants are
regular, then it is a Gelfand pair. Here a symmetric pair (G, H, θ) means that a symmetric subgroup
H consists of the ﬁxed elements of an involution θ . By this method, they proved an archimedean
analogue of uniqueness of linear periods and the multiplicity one theorem for (GL(n+ 1, F ),GL(n, F ))
in [AG3].
However, not all symmetric pairs are Gelfand pairs. For instance, (SL2n(E),SL2n(F )) and (U (1,1),
T (F )) are not Gelfand pairs, this is proved in [A] and [HM] respectively. Even if π is a supercuspidal
representation, there still exists π such that dimHomH (π,C) > 1.
In this paper, we apply the generalized Harish-Chandra descent method of Aizenbud and Goure-
vitch to prove that certain families of symmetric pairs are Gelfand pairs. When no confusion is
possible, we use (G, H) instead of (G, H, θ).
Let E be a commutative semi-simple algebra over F of dimension 2, and V be a free module
over E of rank 2n, also viewed as a vector space over F of dimension 4n. Assume V is equipped with
an E-valued nondegenerate symplectic form B . By choosing a non-zero linear map φ : E → F , we form
a F -valued symplectic form B ′ = φ ◦ B . Then B ′ makes (V , B ′) into a nondegenerate symplectic space
over F , and SpE (V , B) ⊂ SpF (V , B ′). After choosing a suitable basis, we have SpF (V , B ′) = Sp4n(F ).
If E is isomorphic to F × F , we can choose
Sp4n(F ) =
{
g ∈ M4n×4n(F )
∣∣ g J ′4ngt = J ′4n},
where
J ′4n =
(
J2n
J2n
)
and J2n =
(
wn
−wn
)
,
and wn is a n × n permutation matrix with unit anti-diagonal. The involution is Ad(ε), where ε =
diag{12n,−12n}. Then the symmetric subgroup H = SpE (V , B) is isomorphic to Sp2n(F ) × Sp2n(F ).
If E is isomorphic to F (
√
τ ), to easily calculate the H-conjugation on the tangent space of H\G ,
we realize Sp4n(F ) as a subgroup of GL4n(E). That is,
Sp4n(F ) =
{
g =
(
α β
β¯ α¯
)
∈ GL4n(E)
∣∣∣ g J ′4ngt = J ′4n
}
.
We denote the embedding by ι : Sp4n( J ′4n, F ) ↪→ GL4n(E). The involution is Ad(ε), where ε =
diag{√τ12n,−√τ12n}, and the symmetric subgroup H is ι(Sp2n( J2n, E)).
Using the similar description, one has the symmetric pairs
(
GSp4n(F ),
(
GSp2n(F ) × GSp2n(F )
)◦)
and
(
GSp4n(F ),GSp2n
(
F (
√
τ )
)◦ )
for the split case and the non-split case respectively. Here (GSp2n(F ) × GSp2n(F ))◦ consists of pairs
of elements in GSp2n(F ) with the same similitude and GSp2n(F (
√
τ ))◦ consists of elements in
GSp2n(F (
√
τ )) with similitude in F× . The involutions for both of them are the same as the previ-
ous cases.
Deﬁne
U
(
J2n, F (
√
τ )
)= {g ∈ M2n×2n(F (√τ )) ∣∣ gt J2ng = J2n}.
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ﬁeld on each matrix entry. Then the symmetric subgroup H is Sp2n( J2n, F ). The symmetric pair
(U ( J2n, F (
√
τ )),Sp2n(F )) appears as a descendant of (Sp4n(F ),Sp2n(E)).
To prove that a symmetric pair (G, H, θ) is a Gelfand pair, it is suﬃcient to show that all
H-invariant distributions on G are invariant under some anti-involution of G . This main approach
is due to the Gelfand–Kazhdan criterion [GK] for non-archimedean F and a version of the Gelfand–
Kazhdan criterion for archimedean F which is given by Aizenbud, Gourevitch and Sayag in [AGS]. Sun
and Zhu also proved a general version of the Gelfand–Kazhdan criterion for the archimedean case
in [SZ].
Applying Aizenbud and Gourevitch’s generalized Harish-Chandra decent in [AG1], one reduces
to proving that a pair is a good pair and all descendants are regular instead of proving that all
H-invariant distributions on G are invariant under some anti-involution of G . A good pair means that
every closed orbit with respect to the left and right translation of H is preserved by an anti-involution
of G . In order to show a symmetric pair is a good pair, one can calculate the Galois cohomology of
the centralizer groups of semi-simple elements in the symmetric subgroup. If the cohomology is triv-
ial, then the pair is good. We show in this manner that (Sp4n(F ),Sp2n(E)), (GSp4n(F ),GSp2n(E)
◦) and
(U ( J2n, F (
√
τ )),Sp2n(F )) are good, for any local ﬁeld F of characteristic 0.
A descendant consists of the centralizer of certain semi-simple elements in G and the restriction
of the involution in the centralizer, and it is also a symmetric pair. A symmetric pair (G, H, θ) is
regular if all H conjugation invariant distributions on the tangent space of the symmetric space G/H
are preserved by the adjoint actions of all admissible elements. A usual way to prove the regularity
of a symmetric pair is based on considering the support and homogenity of H-invariant distributions.
One can see Theorem 3.4 for any local ﬁeld of characteristic 0 and Theorem 3.1 for non-archimedean
ﬁelds.
In the sequel, we need to calculate all descendants of the symmetric pairs and prove them to
be regular. Explicitly, the descendants of the symmetric pair (Sp4n(F ),Sp2n(E)) are (U ( J2m, F (
√
τ )),
Sp2m(F )), (GL2m(F ),Sp2m(F )) and (Sp4m(F ),Sp2m(E)) and the descendants of GSp case are similar
to those of Sp case. The symmetric pair (GL2m(F ),Sp2m(F )) is a Gelfand pair, this is proved in [HR]
for the non-archimedean case and in [AS] for the archimedean case. These proofs also imply the
regularity of this pair. Therefore we show
Theorem 1.1. The symmetric pair (U ( J2n, F (
√
τ )),Sp2n(F )) is a Gelfand pair for both archimedean and non-
archimedean ﬁelds.
In this paper we will show the symmetric pair (U ( J2n, F (
√
τ )),Sp2n(F )) is regular and a Gelfand
pair for both archimedean and non-archimedean ﬁelds.
Applying Theorem 3.1, we show the following theorem.
Theorem 1.2. All of these following pairs are Gelfand pairs for non-archimedean ﬁelds
(1) (Sp4n(F ),Sp2n(F ) × Sp2n(F )) when n 2;
(2) (GSp4n(F ), (GSp2n(F ) × GSp2n(F ))◦) when n 2;
(3) (Sp4n(F ),Sp2n(F (
√
τ ))) for all n;
(4) (GSp4n(F ), (GSp2n(F (
√
τ )))◦) for all n.
If E = F × F for n > 2, this method does not work for (Sp4n(F ),Sp2n(F ) × Sp2n(F )). For instance,
when n = 3, we can ﬁnd a distinguished orbit such that the homogenity of this orbit is equal to
1
2 dimg
σ , which is the same as the homogenity of the invariant distributions of the nilpotent cone.
The regularity of this symmetric pair is still in progress. Assume this symmetric pair is regular, then
it is a Gelfand pair.
Applying these results, we can study distinguished representations and automorphic periods.
In [HM], Hakim and Murnaghan give necessary conditions for a tame supercuspidal representation to
be distinguished by symmetric subgroups. Here a representation is distinguished if there exists a non-
vanishing linear functional on π invariant under a symmetric subgroup. Following the uniqueness of
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supercuspidal representations. Further, we can apply the Gelfand pairs to study the period integral
ΠH (φ) =
∫
H(F )\H(A)
φ(h)dh,
where φ is a cuspidal automorphic form on G(A). This integral appears in the relative trace formula. We
can expect that periods of this type have some interesting arithmetic interpretation and applications to
the study of special value of L-functions.
Finally I would like to thank Professor Dihua Jiang for his frequent, illuminating conversations and
consistent encouragement. Thanks to Jim Cogdell, A. Aizenbud, D. Gourevitch and Binyong Sun for
their helpful advice. I would also like to thank Professor J. Schwermer to invite me as a Junior fellow
to participate the program, Representation theory of reductive groups – local and global aspects, in
the Erwin Schrödinger Institute in Vienna when this project is in progress.
2. Gelfand pairs
In this section, we introduce some notation, deﬁnitions and a usual process to prove that a pair is
a Gelfand pair. First, let us recall some techniques and terminologies due to Aizenbud and Gourevitch.
For more details, see [AG1].
Let X be an l-space. Denote by S (X) the space of Schwartz functions on X and S ∗(X) :=S (X)∗
to be the dual space to S (X). For a group G acting on a set X and an element x ∈ X we denote by Gx
the stabilizer of x and XG the ﬁxed points of G .
We recall the deﬁnition of Gelfand pairs in [AG1]. Let H ⊂ G be a closed subgroup of G . (G, H) is
a Gelfand pair if for any irreducible admissible representation (π, V ) of G , we have
dimHomH (π,C) 1.
By an admissible representation of G , we mean a smooth admissible representation of G(F ) over
a non-archimedean F .
To prove that a pair is a Gelfand pair, one can apply the following generalized Gelfand–Kazhdan
criterion which is generalized for both archimedean and non-archimedean ﬁelds, and has an inequal-
ity for the dimension of H-invariant linear functionals over any irreducible admissible representation.
Theorem 2.1. (See [AG1, Theorem 8.1.4].) Let H be a closed subgroup of a reductive group G and let τ be an
anti-involution of G such that τ (H) = H. Suppose τ (T ) = T for all bi H-invariant Schwartz distributions T
on G(F ). Then for any irreducible admissible representation (π, V ) of G, we have
dimHomH (π,C) · dimHomH (π˜ ,C) 1,
where π˜ is the smooth contragredient representation of π .
Theorem 2.2. (See [AG1, Theorem 8.2.1].) Let G be a reductive group and let σ be an Ad(G)-admissible anti-
involution of G. Let θ be the involution of G deﬁned by θ(g) := σ(g−1). Let (π, V ) be an irreducible admissible
representation of G. Then π˜ ∼= πθ , where πθ is deﬁned as twisting π by θ .
Here for a smooth aﬃne variety X which is associated an action π of a reductive group G , an
algebraic automorphism τ on X is called G-admissible if
(1) π(G(F )) is of index at most 2 in the group of automorphisms of X generated by π(G(F )) and τ .
(2) For any closed G(F ) orbit O ⊂ X(F ), we have τ (O ) = O .
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such that πθ
′ = π˜ . We can choose a suitable θ ′ such that θ ′ stabilized our symmetric subgroups
respectively. Hence we have dimHomH (π,C) = dimHomH (π˜ ,C). Therefore, it is enough to show
that all H-invariant distributions over G are invariant under the anti-involution σ . To prove this, let
us introduce generalized Harish-Chandra descent method in [AG1].
Deﬁnition 2.1. A symmetric pair (G, H, θ) is called good pair if for any closed H × H orbit O ∈ G ,
where H × H acts on G by left and right translation, we have σ(O ) = O , where σ is the anti-
involution on G deﬁned by σ(g) := θ(g−1).
Due to Rader and Rallis [RR], if a reductive group acts on an aﬃne variety, an orbit is closed in
the analytic topology if and only if this orbit is closed in the Zariski topology. Therefore, there is no
confusion when we say a closed orbit.
For a symmetric pair, deﬁne g = Lie(G), h = Lie(H). Let θ and σ act on g by their differentials
and deﬁne gσ = {a ∈ g | θ(a) = −a}. Note that H acts on gσ by the adjoint action. Deﬁne Gσ = {g ∈
G | σ(g) = g} and denote a symmetrization map ρ : G → G by ρ(g) = gσ(g). The symmetrization
map induces a homeomorphism from G/H to Imρ and translates the left multiplication of H on G/H
to H conjugation on Imρ . Therefore the H\G/H are bijective to H-conjugate classes on Imρ . Let us
describe gσ for Sp4n(F ) in the split case and the non-split case,
(1) gσ =
{(
β
−β˜
) ∣∣∣ β ∈ M2n×2n(F )
}
, if E 
 F × F ;
(2) gσ =
{(
β
−β˜
) ∣∣∣ β ∈ M2n×2n(E), β¯ + β˜ = 0
}
, if E 
 F (√τ ).
Deﬁne β˜ = J2nβt J−12n throughout this paper. Note that gσ are the same for Sp4n(F ) and GSp4n(F ).
Deﬁnition 2.2. Let x be a semi-simple element and x = ρ(g) for some g . We will say that the pair
(Gx, Hx, θ |Gx) is a descendant of (G, H, θ), where Gx (resp. Hx) is the centralizer of x in G (resp. H).
Deﬁne Q (gσ ) := gσ /(gσ )H . Since H is reductive, there is a canonical embedding Q (gσ ) ↪→ gσ .
Let φ : gσ → gσ /H be the standard projection. Deﬁne Γ (gσ ) := φ−1(φ(0)) ∩ Q (gσ ). Deﬁne also
R(gσ ) := Q (gσ ) − Γ (gσ ). Applying Gelfand pairs, we need to consider Ad(H)-invariant distribu-
tions over Q (gσ ). By Lemma 5.2.2(ii) in [Ai], we have Q (gσ ) = gσ as G = Sp4n(F ). Since gσ are
the same for Sp4n(F ) and GSp4n(F ), Q (g
σ ) = gσ is also true when G = GSp4n(F ). Further, applying
Lemma 7.3.8, [AG1], Γ (gσ ) consists of all nilpotent elements in gσ .
Deﬁnition 2.3. A symmetric pair (G, H, θ) is called regular if for any admissible g ∈ G , which
means ρ(g) ∈ Z(G) (the center of G) and Ad(g)|gσ is H-admissible, such that S ∗(R(gσ ))H ⊂
S ∗(R(gσ ))Ad(g) , we have
S ∗
(
Q
(
gσ
))H ⊂S ∗(Q (gσ ))Ad(g).
Applying generalized Harish-Chandra method, Aizenbud and Gourevitch [AG1] have the following
theorem.
Theorem 2.3. (See [AG1, Theorem 7.4.5].) Let (G, H, θ) be a good symmetric pair such that all its descendants
are regular. Then
S ∗
(
G(F )
)H(F )×H(F ) ⊂S ∗(G(F ))σ .
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get that all H bi-invariant Schwartz distributions T on G(F ) are invariant under the anti-involution σ .
Hence, applying generalized Gelfand–Kazhdan criterion (Theorem 2.1) and Theorem 2.2, one can show
that this symmetric pair is a Gelfand pair. In the rest of this paper, we will show that our pairs which
we consider are good and study their regularity.
To prove that a symmetric pair is a good pair, one can apply the following proposition.
Proposition 2.1. (See [AG1, Corollary 7.1.5].) Let (G, H, θ) be a symmetric pair and G/H be connected. Let
g ∈ G(F ) such that H(F )gH(F ) is a closed orbit in G(F ). Suppose that H1(F , Hρ(g)) is trivial, then σ(g) ∈
H(F )gH(F ).
In the original corollary, the assumption is that H1(F , (H × H)g) is trivial. By Hρ(g) 
 (H × H)g
in Proposition 7.2.1(ii), [AG1], the assumption can be replaced by the triviality of H1(F , Hρ(g)). Hence
we have this proposition. Further, by Proposition 7.2.1(i), [AG1], if H(F )gH(F ) is closed in G(F ), then
ρ(g) is semi-simple. To prove that the symmetric pairs are good, we need to consider the centralizer
Hρ(g) for each semi-simple ρ(g) and show that H1(F , Hρ(g)) = 1. Since Hρ(g) is just a part of the
descendants, let us compute all the descendants of these symmetric pairs (Sp4n(F ),Sp2n(E)) and
(GSp4n(F ), (GSp2n(E))
◦).
To calculate the descendants of symmetric pairs, we refer calculation for some symmetric pairs in
[AG2], in which they apply the method of computing centralizers of semi-simple elements of classical
groups in [SS]. In my previous proof in [Z], I wrote down explicit representatives of all the semi-simple
H-conjugate classes in Gσ and calculate their centralizers in G and H respectively. After Aizenbud and
Gourevitch’s easier calculation in [AG2], I adopt their argument to calculate the descendants of our
symmetric pairs. Let (G, H, θ) be one of following symmetric pairs,
(1) (Sp4n(F ),Sp2n(F ) × Sp2n(F ));
(2) (Sp4n(F ),Sp2n(F (
√
τ )));
(3) (GSp4n(F ), (GSp2n(F ) × GSp2n(F ))◦);
(4) (GSp4n(F ), (GSp2n(F (
√
τ )))◦).
We recall some notation in Notation 6.1.1, [AGS]. Let V be the symplectic space and G = Sp(V ) or
GSp(V ). Let x ∈ Gσ be a semi-simple element and P be its minimal polynomial. For groups of sym-
plectic similitudes, since λ(ρ(g)) = λ(g)λ(θ(g))−1 = 1 for all g ∈ GSp4n(F ), we have Imρ(GSp4n(F )) ⊂
Sp4n(F )
σ . Hence it is enough to calculate the centralizers of semi-simple element x in Sp4n(F )
σ .
Let Q = ∑ni=0 aiti ∈ F [t] (where an = 0) be an irreducible polynomial. Deﬁne F Q := F [t]/Q ,
inv(Q ) :=∑ni=0 an−iti , V 0Q ,x := Ker(Q (x)) and V 1Q ,x := Ker(inv(Q )(x)). We deﬁne an F Q -linear space
structure on V iQ ,x by letting t act on V
0
Q ,x by x and on V
1
Q ,x by x
−1. We will consider V iQ ,x as a
linear space over F Q . Let P be the minimal polynomial of the semi-simple element x. Note that the
minimal polynomial of x−1 is inv(P ) and hence P is proportional to inv(P ). Let P =∏i∈I P i be the
decomposition of P into irreducible factors over F . Since P is proportional to inv(P ), every Pi is pro-
portional to Ps(i) where s is some permutation of I of order  2. Let I =⊔ Iα be the decomposition
of I to orbits of s. Deﬁne Vα := Ker(∏i∈α Pi(x)). Clearly V =⊕ Vα and Vα are orthogonal to each
other and each Vα is invariant under ε for θ = Adε. It is enough to consider cases P =∏i∈α Pi over a
single orbit α. Hence the pair (Gx, Hx) is a product of pairs for irreducible multiples. Let us calculate
the descendants of (G, H, θ) case by case.
Theorem 2.4. All the descendants of the pair (Sp4n(F ),Sp2n(E)) are products of the pairs of the following
types, where E is a commutative semi-simple algebra over F of dimension 2.
(1) (GL(W ),Sp(W )) for a space W over some extension ﬁeld F ′ over F .
(2) (U (WE ′ ),Sp(W )) for a symplectic space W over some extension ﬁeld F ′ of F and a skew-hermitian space
WE ′ := W ⊗ E ′ over a quadratice extension ﬁeld E ′ of F ′ , i.e. (U ( J2m, E ′),Sp2m(F ′)).
(3) (Sp(W ),Sp(W )ε) for a symplectic space W over F .
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m =m1 +m2 .
If E is a quadratic extension over F , Sp(W )ε is isomorphic to Sp2m(E) for some positive integer m.
Proof. We will discuss 3 special cases and then deduce the general case from them.
Case 1. P = Q · inv(Q ), where Q is an irreducible polynomial. Note that GL(V )x ∼=∏i GL(V iQ ,x).
Since the symplectic form deﬁnes a non-degenerate pairing V 0Q ,x
∼= (V 1Q ,x)∗ , and V iQ ,x are isotropic,
we have
Sp(V )x ∼= GL
(
V 0Q ,x
)
<
∏
i
GL
(
V iQ ,x
)
.
Since εx = x−1ε, ε gives an isomorphism V iQ ,x ∼= V 1−iQ ,x . Compose this isomorphism V iQ ,x ∼= (V 1−iQ ,x)
given by ε with the isomorphism V iQ ,x
∼= (V 1−1Q ,x )∗ given by the nondegenerate pairing. This gives a
symplectic structure on V 0Q ,x. Clearly, ε gives an isomorphism V
i
Q ,x
∼= V 1−iQ ,x as symplectic spaces and
hence (
Sp(V )ε
)
x
∼= Sp(V 0Q ,x)< GL(V 0Q ,x).
Case 2. P is irreducible and x = x−1. In this case GL(V )x ∼= GL(V 0P ,x). Also, V 0P ,x and V 1P ,x are
identical as F -vector spaces but the action of F P on them differs by a twist by η. Therefore the
isomorphism V 0P ,x
∼= (V 1P ,x)∗ gives a skew-hermitian structure on V 0P ,x over (F P , η) and ε gives an
(F P , η)-antilinear automorphism of V 0P ,x . Then
Sp(V )x ∼= U
(
V 0P ,x
)
.
Deﬁne W := (V 0P ,x)ε . It is a linear space over (F P )η . It has a symplectic structure. Hence(
Sp(V )ε
)
x
∼= Sp(W ) < U(V 0P ,x).
Case 3. P is irreducible and x2 = 1. Again, GL(V )x ∼= GL(V 0P ,x). However, in this case F P = F and
V 0P ,x = V . Also Sp(V )x ∼= Sp(V 0P ,x). Since ε commutes with x and hence Sp(V )x ∼= Sp(V 0P ,x), then(
Sp(V )ε
)
x
∼= (Sp(V 0P ,x))ε < Sp(V 0P ,x). 
Remark 2.1. For the cases (2) in Theorems 2.4 and 2.5, there are additional descendants (U2m(E ′),
SUm(D)) and (GU2m(E ′),GSUm(D)) respectively, where D is the quaternion algebra over E ′ , and
SUm(D) and GSUm(D) are an E ′-form of the symplectic group and the similitude symplectic group.
These symmetric pairs are good and regular. The proof is same as the case (U( J2m, E),Sp2m(F )).
Theorem 2.5. All the descendants of the pair (GSp4n(F ), (GSp2n(E))
◦) are products of the pairs of the follow-
ing types, where E is a commutative semi-simple algebra over F of dimension 2.
(1) (GL(W ) × GL1(F ′),GSp(W )) for a space W over some extension ﬁeld F ′ over F .
(2) (GU(WE ′ ),GSp(W )) for a symplectic space W over some extension ﬁeld F ′ of F and a skew-hermitian
space WE ′ := W ⊗ E ′ over some quadratic extension ﬁeld E ′ of F ′ , i.e. (GU( J2m, E ′),GSp2m(F ′)).
(3) (GSp(W ), (GSp(W )ε)◦) for a symplectic space W over some extension ﬁeld F ′ over F .
If E is isomorphic to F × F , (GSp(W )ε)◦ is isomorphic to (GSp2m1 (F ) × GSp2m2 (F ))◦ for some positive
integers m =m1 +m2 .
If E is a quadratic extension over F , (GSp(W )ε)◦ is isomorphic to (GSp2m(E))◦ for some positive integer m.
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Case 1. P = Q · inv(Q ), where Q is an irreducible polynomial. Note that GL(V )x ∼=∏i GL(V iQ ,x).
Since the symplectic form deﬁnes a nondegenerate pairing V 0Q ,x
∼= (V 1Q ,x)∗ , and V iQ ,x are isotropic,
we have
GSp(V )x ∼= GL
(
V 0Q ,x
)× F×Q <∏
i
GL
(
V iQ ,x
)
.
Since εx = x−1ε, ε gives an isomorphism V iQ ,x ∼= (V 1−iQ ,x). Compose this isomorphism V iQ ,x ∼= V 1−iQ ,x
given by ε with the isomorphism V iQ ,x
∼= (V 1−1Q ,x )∗ given by the nondegenerate pairing. This gives a
symplectic structure on V 0Q ,x. Clearly, ε gives an isomorphism V
i
Q ,x
∼= (V 1−iQ ,x) as symplectic spaces
and hence
(
GSp(V )ε
)
x
∼= GSp(V 0Q ,x)< GL(V 0Q ,x)× F×.
Case 2. P is irreducible and x = x−1. In this case GL(V )x ∼= GL(V 0P ,x). Also, V 0P ,x and V 1P ,x are
identical as F -vector spaces but the action of F P on them differs by a twist by η. Therefore the
isomorphism V 0P ,x
∼= (V 1P ,x)∗ gives a skew-hermitian structure on V 0P ,x over (F P , η) and ε gives an
(F P , η)-antilinear automorphism of V 0P ,x . Then
GSp(V )x ∼= GU
(
V 0P ,x
)
.
Deﬁne W := (V 0P ,x)ε . It is a linear space over (F P )η . It has a symplectic structure. Hence
(
GSp(V )ε
)
x
∼= GSp(W ) < GU(V 0P ,x).
Case 3. P is irreducible and x2 = 1. Again, GL(V )x ∼= GL(V 0P ,x). However, in this case F P = F and
V 0P ,x = V . Also GSp(V )x ∼= GSp(V 0P ,x). Since ε commutes with x and hence GSp(V )x ∼= GSp(V 0P ,x), then
(
GSp(V )ε
)
x
∼= (GSp(V 0P ,x))ε < GSp(V 0P ,x). 
Remark 2.2. The previous two proofs are analogous to the proof of Theorem 6.5.1 in [AGS].
Let us calculate the descendants of the symmetric pair (U (V E , J ),Sp(V , J )), where (V , J ) is a
symplectic space over F and E = F (√τ ). Denote by η the nontrivial Galois element. The involution θ
in this symmetric pair is extended from η. We also identify θ as an involution on V E , V E = V ⊗ E with
a skew-symmetric hermitian form. We recall some notation in Notation 6.1.4, [AGS]. Let x ∈ U (V E , J )σ
be a semi-simple element and P be the minimal polynomial of x. Let Q =∑ni=0 aiti ∈ E[t] (where
an = 0) be an irreducible polynomial. Deﬁne EQ := E[t]/Q , Q ∗ := η(inv(Q )), V 0Q ,x := Ker(Q (x)), and
V 1Q ,x := Ker(Q ∗(x)). We twist the action of E on V 1Q ,x by η. We deﬁne EQ -linear space structure
on V iQ ,x by letting t act on V
i
Q ,x by x. We will consider V
i
Q ,x as linear spaces over EQ . If Q is
proportional to Q ∗ we deﬁne an involution μ on EQ by μ( f (t)) := η( f )(t−1) for all f (t) ∈ E[t]/Q .
Note that θ(x) = x−1 and hence P is proportional to P∗ . Let P =∏i∈I P i be the decomposition of I
to irreducible multiples. Since P is proportional to inv(P ), every Pi is proportional to Ps(i) where
s is some permutation of I of order  2. Let I = ⊔ Iα be the decomposition of I to orbits of s.
Deﬁne Vα := Ker(∏i∈α Pi(x)). Clearly V E =⊕ Vα and Vα are orthogonal to each other and each Vα
is invariant under θ . It is enough to consider cases P =∏i∈α Pi over a single orbit α. Hence the pair
(U (V E , J )x,Sp(V , J )x) is a product of pairs for irreducible multiples.
2436 L. Zhang / Journal of Number Theory 130 (2010) 2428–2441Theorem 2.6. Let (V , J ) be a symplectic space over F and E = F (√τ ). Let V E = V ⊗ E be a skew-symmetric
hermitian space. Then all the descendants of the pair (U(V E),Sp(V )) are products of pairs of the following
types.
(1) (GL(W ),Sp(W )) for some space W over some extension ﬁeld F ′ over F .
(2) (U (W ′E , J ),Sp(W , J )) for some space W over some extension ﬁeld F ′ over F and some quadratic exten-
sion E ′ of F ′ .
Proof. We will discuss 2 special cases and then deduce the general case from them.
Case 1. P = Q Q ∗ where Q is irreducible over E . Clearly GL(V E)x ∼= GL(V 0Q ,x) × GL(V 1Q ,x). Recall
that the skew-hermitian form gives a nondegenerate pairing between V 0Q ,x and V
1
Q ,x, and the space
V iQ ,x are isotropic. Therefore GL(V
0
Q ,x)
∼= GL(V 1Q ,x),
GL(V E)x ∼=
∏
i
GL
(
V iQ ,x
)
and U (V E)x ∼= GL
(
V 0Q ,x
)
<
∏
i
GL
(
V iQ ,x
)
.
Since θ(x) = x−1, θ gives an isomorphism V iQ ,x ∼= (V 1−iQ ,x). Compose this isomorphism V iQ ,x ∼=
(V 1−iQ ,x) given by θ with the isomorphism V iQ ,x ∼= (V 1−1Q ,x )∗ given by the nondegenerate pairing. This
gives a symplectic structure on V 0Q ,x. Then
Sp(V )x ∼= Sp
(
V 0Q ,x
)
< GL
(
V 0P ,x
)
.
Case 2. P is irreducible over E . Clearly GL(V E)x ∼= GL(V 0P ,x) and V 0P ,x as F -linear spaces but the
actions of E P on them differ by a twist by μ. Hence the isomorphism V 0P ,x
∼= (V 0P ,x)∗ given by the
skew-hermitian form gives a skew-hermitian structure on V 0P ,x over (E P ,μ) and the isomorphism
V 0P ,x
∼= V 1P ,x given by θ gives an antilinear involution of V 0P ,x . Therefore,
U (V E)x ∼= U
(
V 0P ,x
)
< GL
(
V 0P ,x
)
and Sp(V )x ∼= Sp
(
V 0P ,x
)
< U
(
V 0P ,x
)
. 
Remark 2.3. The above proof is analogous to the proof of Theorem 6.4.1, [AGS].
Theorem 2.7. Symmetric pairs (Sp4n(F ),Sp2n(E)), (GSp4n(F ),GSp2n(E)
◦), and (U ( J2n, F (
√
τ )),Sp2n) are
good pairs.
Proof. By Proposition 2.1, it is suﬃcient to show that H1(F , RF ′/F (Sp2n)) = 1. According to Shapiro’s
lemma, we have
H1
(
F , RF ′/F (Sp2n)
)= H1(F ,Sp2n(F )).
Since H1(F ,Sp2n(F )) = 1 in (29.25), [KMRT], H1(F , RF ′/F (Sp2n)) = 1. Hence (Sp4n(F ),Sp2n(E)) is a
good pair.
For GSp case, since ρ(GSp4n) = ρ(Sp4n), (GSp4n(F ),GSp2n(E)◦) is also a good pair. 
3. Regularity
In previous section, we have already computed all descendants of these symmetric pairs. By gener-
alized Harish-Chandra method, we have to show that all of these descendants are regular, and hence
conclude that these symmetric pairs are Gelfand pairs. By Proposition 7.4.4, [AG1], a product of reg-
ular symmetric pairs is regular. It is enough to prove that descendants in Theorems 2.4, 2.5, and 2.6,
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summarize several methods to prove the regularity of symmetric pairs.
By Lemma 7.1.11, [AG1], for each nilpotent element x ∈ gσ , there exists a sl2-triple (x,h, f ) such
that the semi-simple element h ∈ h and f ∈ gσ . Denote by d(x) the semi-simple element in sl2.
Deﬁnition 3.1. An orbit Ad H · x in Γ (gσ ) is called negative defect if Tr(ad(d(x))|hx ) < dim Q (gσ ).
Deﬁnition 3.2. A nilpotent element x ∈ gσ is distinguished if gx ∩ Q (gσ ) ⊂ Γ (Q (gσ )), where gx is
the centralizer of x in g.
Deﬁnition 3.3. A symmetric pair (G, H, θ) is a pair of negative distinguished defect if all the distin-
guished elements in Γ (gσ ) have negative defect.
Considering the Fourier Transform of H-invariant distributions which is also H-invariant, one has
the following theorems to prove a symmetric pair is regular.
Theorem 3.1. Let (G, H, θ) be a symmetric pair over a non-archimedean ﬁeld. For each element x ∈ Γ (gσ ), it
satisﬁes one of following condition:
(1) Tr(ad(d(x))|hx ) = dimgσ (Proposition 7.3.7, [AG1]);
(2) Ad(g) · x is H-conjugate to x for each admissible element g.
Then the pair (G, H, θ) is regular.
Proof. This proposition is a straightforward of localization principle, Propositions 7.3.7, 7.3.5 and Re-
mark 7.4.3 in [AG1]. 
We use this theorem to prove the main theorems in this paper.
Theorem 3.2. For any local ﬁeld of characteristic 0, the symmetric pair (U ( J2n, F (
√
τ )),Sp2n(F )) is a Gelfand
pair. Furthermore, (GL2n(F ) × GL1(F ),GSp2n(F )) and (GU( J2n, F (
√
τ )),GSp( J2n, F )) are regular.
Proof. We need to prove that all descendants of this symmetric pair are regular. Since (GL2n(F ),
Sp2n(F )) is regular for any local ﬁeld of characteristic 0, proved in [AS,S] and [HR], it is enough to
prove the regularity of (U ( J2n, F (
√
τ )),Sp2( J2n, F )). Now let us analysis H adjoint action on g
σ .
In this case, gσ = {√τ A | A = A˜, A ∈ M2n×2n(F )}. Then gσ are the same for (GL2n(F ),Sp2n(F ))
and (U ( J2n, F (
√
τ )),Sp2( J2n, F )) up to a scalar. Even though all admissible elements for these
two symmetric pairs could be different, the argument in [AS] and [S] still work for unitary sym-
metric pairs over archimedean ﬁeld. For non-archimedean ﬁeld, according the classiﬁcation of
Sp2n conjugate nilpotent orbits in Q (g
σ ) in [AS] and [HR], one can prove that each nilpotent
orbit is invariant under the adjoint action of all admissible elements. Therefore we show the
regularity of (U ( J2n, F (
√
τ )),Sp2( J2n, F )) for both archimedean and non-archimedean. (GL2n(F ) ×
GL1(F ),GSp2n(F )) and (GU( J2n, F (
√
τ )),GSp( J2n, F )) which are the descendants of (GSp4n(F ),
GSp2n(E)
◦) are regular by the same arguments. 
In symplectic cases, if g is admissible in Sp4n(F ), then ρ(g) ∈ Z(G) and ρ(g) ∈ {±I4n}. We can
easily verify ρ(I4n) = I4n and ρ(ω) = −I4n , where ω =
( I2n
I2n
)
. Therefore g ∈ H ∪ωH . If g is admissi-
ble in GSp4n(F ), then ρ(g) ∈ {±I4n} and g ∈ H ∪ ωH , by λ(ρ(g)) = 1. To prove that these symmetric
pairs are regular, it is enough to prove S ∗(Q (gσ ))H ⊂S ∗(Q (gσ ))Ad(ω) .
Now let us prove the case E 
 F (√τ ) for any n and non-archimedean ﬁeld F .
Theorem 3.3. If E is a quadratic extension ﬁeld over F , symmetric pairs (Sp4n(F ),Sp2n(E)) and (GSp4n(F ),
(GSp2n(E))
◦) are Gelfand pairs for any non-archimedean ﬁeld F .
2438 L. Zhang / Journal of Number Theory 130 (2010) 2428–2441Proof. We have already proved that these pairs are good pairs. It is enough to prove that these pairs
are regular. Applying the following Lemma 3.1 and Ad(ω) · ι(β) = ι(β¯), we show Ad(ω) preserve each
H-adjoint orbit on gσ . By Theorem 3.1, we prove that these pairs are regular and hence Gelfand
pairs. 
Lemma 3.1. For any ι(β) = ( β
β¯
) ∈ Γ (gσ ), there exists an element h ∈ H such that hβh¯−1 ∈ M2n×2n(F ).
Proof. Since ι(β) ∈ Γ (gσ ) is equivalent to (ββ¯)2n = 0, rank(β) < 2n. Denote by ci(β) the i-th column
of β and by ri(β) the i-th row of β . Then there exists some ai = 0 such that ∑2ni=1 aici(β) = 0.
By the adjoint action of some Weyl elements in H , we can switch columns such that a1 = 0. Then
c1(h¯−1βh) = 02n×1 and r2n(h¯−1βh) = 01×2n if we take
h =
(1 v∗ a2na−11
12n−2 v
1
)
where v = (a2a−11 , . . . ,a2n−1a−11 )t and v∗ is uniquely determined by v . Hence we can assume β =( 0 v a
0 A v∗
0 0 0
)
. By β˜ + β¯ = 0, we have conditions, v∗ = J2n−2 v¯t , a ∈ F and A˜+ A¯ = 0, (A A¯)2n−2 = 0. If n = 1,
β is obviously in M2×2(F ). By induction, there exists h ∈ H such that hAh¯−1 ∈ M2(n−1)×2(n−1)(F ).
Thus we can assume that A is a nilpotent element in the Lie algebra of Sp2n(F ) and conjugate to the
standard form in [Ne]. We treat A as a skew adjoint endomorphism over F -vector space V which
has a symplectic form J2n−2, then it can be decomposed to
⊕
i∈I V i( j) according to a sl2 triple
including A, where j is the highest weight. We can restrict A to V i( j), if j is even, then
A|Vi( j) =
(
D j 0
0 −D j
)
.
If j is odd, we have
A|Vi( j) = D j · diag(1, . . . , ci,−1, . . . ,−1)
for some ci ∈ F× which is the ( j/2+ 1)-th entry of the diagonal matrix. Here D j is a Jordan block of
j × j matrix, i.e.
⎛
⎜⎜⎜⎜⎝
0 1
0
. . .
0 1
0
⎞
⎟⎟⎟⎟⎠ .
The subscript i of Vi( j) means if j is even, ci(A) = 0, and if j is odd, ci(A) = c2n+2−i− j(A) = 0.
Taking h =
( 1 w 0
1 J2n−2wt
1
)
and choosing a suitable vector w such that ci(v− w¯ A) · ci(A) = 0 for each
1 i  2n− 2 and under the action of this h, we reduce to the case ci(v) · ci(A) = 0. Next we choose
h1|Vi( j) = diag(c, c¯, . . . , c, c¯, c¯, c, . . . , c¯, c), if c−1 = ci(v) = 0, otherwise h1|Vi( j) = 1. Remark that the
subscript i of ci(v) is the same as that of Vi( j), i.e. in the index set I . Then we get ci(v) = 0 or 1
for i ∈ I and all entries are in F except c2n+2−i− j(v) for all odd j. If c2n+2−i− j(v) /∈ F , we deﬁne h2
restriction to this Vi( j) by
h2|i( j) =
(
1 T
1
)
L. Zhang / Journal of Number Theory 130 (2010) 2428–2441 2439where T = diag(c, c¯, . . . , c, c¯, c, . . . , c¯, c) and c = −c2n+2−i− j(v). In the rest Vi( j), h2 is the identity
matrix. Under action of h2, we get that all entries of β belong to F . 
Next, we consider the split case (Sp4n(F ),Sp2n(F ) × Sp2n(F )). First we introduce another theorem
in [Ai] to prove the regularity of symmetric pairs. Then applying Theorem 3.1 for n = 1,2, we prove
that these symmetric pairs are Gelfand pairs. However, both of these two theorems fail to prove the
regularity for n 3. For n 3, the regularity is still in progress.
Theorem 3.4. (See [Ai, Theorem 5.2.5].) Let (G, H, θ) be a symmetric pair of negative distinguished defect.
Then it is regular.
For each nilpotent element e ∈ gσ , we take the sl2-triple (e,h, f ) such that the semi-simple ele-
ment h ∈ h and f ∈ gσ . The centralizer ge of a nilpotent element e ∈ gσ is invariant under ad(h),h ∈ H
and under θ . This implies that ge = he + gσe is direct sum and ad(h) also preserves he and gσe . Then
we can take a basis w1, . . . ,wr of gσe which are eigenvectors on ad(h). Denote by ni the correspond-
ing eigenvalues for each wi . Indeed, ni (1 i  r) are the highest weights of (e,h, f ) of gσ . We have
following criterion for gσ -distinguished nilpotent element.
Lemma 3.2. (See [vD].) e is gσ -distinguished nilpotent element if and only if ni > 0 for all 1 i  r.
In the following deﬁnition, we consider that the sl2 triple (e,h, f ) is a graded Lie algebra, where
e, f ∈ sl2(F )1 are of grade 1 and h ∈ sl2(F )0 is of grade 0.
Deﬁnition 3.4. A graded representation of sl2 triple (e,h, f ) is a representation of sl2 on a graded
vector space V = V0 ⊕ V1 such that sl2(F )i(V j) ⊂ Vi+ j , where i, j ∈ Z/2Z.
In our case, we have the involution θ = Ad(ε), and take (e, h, f ) as above and V i invariant by ε.
Therefore, we have a graded representation of sl2.
Decompose V to the direct sum of irreducible representations, i.e.
⊕
V (d), where d is the highest
weight of sl2. Let L(d) be the subspace of the lowest weight vectors of V (d). Since X ∈ gσ , L(d) can
be decomposed to the direct sum of L(d)0 and L(d)1, where L(d)i ∈ Vi . Deﬁne xd+1 = dim(L(d)0) and
yd+1 = dim(L(d)1).
Proposition 3.1. For symmetric pairs (Sp4n(F ),Sp2n(F ) × Sp2n(F )) and (GSp4n(F ), (GSp2n(F ) ×
GSp2n(F ))
◦), we have
(1) if d is odd, xd+1 = yd+1;
(2) if d is even, xd+1 and yd+1 are even;
(3)
∑
d even xd+1 =
∑
d even yd+1 .
Proof. The proof for GSp case is similar to the proof of Sp case. Here we give the proof for Sp case.
(1) Let v = 0 ∈ L(d)0, then edv ∈ L(d)1, since d is odd. Since the restriction of 〈,〉 to V (d) natu-
rally induces a nondegenerate form, and 〈v, edv〉 = 0, there exists a vector w ∈ V (d)1 such that
〈w, edv〉 = 0. Hence edw is a non-zero vector of the highest weight and edw ∈ L(d)1. Let V ′ be
a sl2-module which is generated by v and w . It is clear that V ′ is a nondegenerate symplectic
vector space. We have V (d) = V ′ ⊕ W . By induction, we conclude (1).
(2) For Sp2n(F ), V (d) with the odd highest weight has even dimension, it is enough to show that
ed+1 is even. Similarly, if ed+1 = 0, there is nothing to prove. If not, taking a non-zero vector
v ∈ L(d)0, then 〈v, edv〉 = 〈ed/2v, ed/2v〉 = 0. By the similar argument, we can ﬁnd a vector w
such that edw ∈ L(d)0 and a nondegenerate symplectic vector space V ′ such that dim L(V ′)0 = 2
and V = V ′ ⊕ W . By induction, we have xd+1 is even.
(3) It is straightforward by the skew-symmetry of e. 
2440 L. Zhang / Journal of Number Theory 130 (2010) 2428–2441Proposition 3.2. For symmetric pairs (Sp4n(F ),Sp2n(F ) × Sp2n(F )) and (GSp4n(F ), (GSp2n(F ) ×
GSp2n(F ))
◦), e ∈ Γ (gσ ) is a distinguished nilpotent element, then the corresponding xd+1 = 1 if d is odd
and xd+1 yd+1 = 0 if d is even.
Proof. By Lemma 3.2, we need to prove that dim((gσe )h) = 0. Refer to [CM], any z ∈ ge is completely
determined by its restriction to L(d). If Z ∈ (ge)h , Z sends L(d) to L(d), then it deﬁnes a bilinear
form (·,·) on L(d) via (v,w) = 〈v, ed · Zw〉. This form is symmetric or sympletic according as d is
even or odd. The set of possible forms (·,·) and Z ∈ gσ is thus a vector space of dimension xd+1 yd+1
if d is even and xd+1(xd+1 − 1) if d is odd. Since dim((gσe )h) = 0, xd+1 = yd+1 = 1 if d is odd and
xd+1 yd+1 = 0 if d is even. 
Theorem 3.5. If n = 1, symmetric pairs (Sp4n(F ),Sp2n(F ) × Sp2n(F )) and (GSp4n(F ), (GSp2n(F ) ×
GSp2n(F ))
◦) are Gelfand pairs for non-archimedean ﬁelds.
Proof. It is enough to show that these pairs are regular. We have to prove that S ∗(Γ (gσ ))Ad H ⊂
S ∗(Γ (gσ ))Ad(ω) . By Theorem 3.1, it is suﬃcient to show that each orbit of Ad H over N(gσ ) is in-
variant under Ad(ω). We show this in the following.
Let
( 0 A
− A˜ 0
) ∈ gσ , where A = ( x yz w ).
If
( 0 A
− A˜ 0
) ∈ Γ (gσ ), then A A˜ = 0 which is equivalent to det(A) = 0.
There exist h1 and h2 in Sp2(F ) such that h1Ah
−1
2 =
( 1 0
0 0
)
if A = 0 and h1Ah−12 = 0 if A = 0.
Therefore, N(gσ ) = Ad H · e ∪ {0}, where
e =
⎛
⎜⎜⎝
1 0
0 0
0 0
0 −1
⎞
⎟⎟⎠ . 
Theorem 3.6. If n = 2, symmetric pairs (Sp4n(F ),Sp2n(F ) × Sp2n(F )) and (GSp4n(F ), (GSp2n(F ) ×
GSp2n(F ))
◦) are Gelfand pairs for non-archimedean ﬁeld F .
Proof. By Proposition 3.1, nilpotent orbits in gσ have partition [42], [3212], [24] and [2214]. The
corresponding Tr(ad(d(x))|hx ) ∈ {8,12,20}. Therefore Tr(ad(d(x))) = 16, by dimgσ = 4n2. Applying
Proposition 3.1, we have (Sp8(F ),Sp4(F ) × Sp4(F )) is regular.
Referring Proposition 5.2 in [BD], Bosman and van Dijk classify all H-conjugate orbits in N(gσ )
when G = Sp2n(F ) and H = Sp2n−2(F ) × Sp2(F ) for n > 2 and real ﬁeld F . However the proof still
works for arbitrary non-archimedean ﬁeld F . We can easily verify that all orbits are invariant under
Ad(g) for all admissible elements g . Hence by Proposition 3.1, we can show that (Sp2n(F ),Sp2n−2(F )×
Sp2(F )) are regular for n > 2. According to Theorem 3.5, (Sp2n(F ),Sp2n−2(F ) × Sp2(F )) are reg-
ular for n > 1. Therefore, all the descendants of symmetric pairs (Sp8(F ),Sp4(F ) × Sp4(F )) and
(GSp8(F ), (GSp4(F ) × GSp4(F ))◦) are regular and then these symmetric pairs are Gelfand pairs. 
Remark 3.1. If n = 3, deﬁne e = ( A− A˜ ), where
A =
⎛
⎜⎜⎜⎜⎜⎝
1
0
0
0 1
0 1
⎞
⎟⎟⎟⎟⎟⎠ .0
L. Zhang / Journal of Number Theory 130 (2010) 2428–2441 2441We can easily ﬁnd the corresponding semi-simple element d(e), calculate Tr(ad(d(e))|he ) = dimgθ =
36. Additionally, this orbit is not invariant under Ad(w) and a distinguished orbit. Therefore, for gen-
eral n, we cannot use Proposition 3.1 or Theorem 3.5 to prove that this symmetric pair is regular.
Under the assumption of the regularity of the symmetric pairs (Sp2m(F ),Sp2m1 (F )× Sp2m2 (F )), we
have the following theorem.
Theorem 3.7. If (Sp2(m1+m2)(F ),Sp2m1 (F ) × Sp2m2 (F )) are regular for any m1 +m2  2n,(
Sp4n(F ),Sp2n(F ) × Sp2n(F )
)
and
(
GSp4n(F ),
(
GSp2n(F ) × GSp2n(F )
))◦
are Gelfand pairs for any non-archimedean ﬁeld of characteristic 0.
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